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Section 1.

Introduction

o /

Nonlinear D. A. through PLS and Splines : ECAS2003-4



o

The aim of this course is twofold and presents

e The general approach of dimension reduction in linear Data
Analysis through PLS

- for exploring proximities in the row-column spaces

- for prediction purpose

e A nonlinear extension of PLS aiming at revisiting D.A.

Main idea:
Capture non-linearities through the linear framework of splines

The price to be payed:

Expansion of the column dimension of the design matrix

Key words and inspiring papers:

Data Analysis methods and Euclidian spaces,
Coding approach in Data Analysis,

Partial Least-Squares regression, PLS,

Multivariate Adaptive Regression Splines, MARS,

PLS through Splines, PLSS,
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Section II.
Dimension Reduction
in

Linear Multivariate Data Analysis
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1. Euclidian spaces for column-variables
and for rows

Denote
X1

X =[X/]=[X".X"=| : an n X p matrix of data
X,
from the column-variable’s side

e (IR", D) the Euclidian space for sampled variables
e D =diag(pi,---,p,) the matrix of the statistical weights
e 1 =(1,...,1) the column vector of n repeated 1

We suppose that the variables z, y ... are D-centered,
then

oez=1Dr=> pa;,=0

o cov(z,y) =y Dx =<,y >p= ), DiTi¥i
e var(z) = 2’'Dx = ||z]|3, and o(z) = ||z||p
cov(z,y)
o(z)o(y)

eV = X'DX is the matrix of covariances (correlations, with
standardized variables)

r(z,y) = = cos(z,y)

1 X3 = trace(X'DX) Z var(X") = Total Variance
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Orthogonal Projections

o [12 = z2'D/||z||3, the D-orthogonal projector on span(z)
o [1¥ = X(X'DX)" X'D the D-orthogonal projector on span(X)
— Idempotent, (IT{)* = I1¥
— D-symmetrical matrix, DITY = (IT1Y)' D
—y=MRy=Xp
where 3 = (X'DX) ' X'Dy is the OLS estimator
~ R2(y; span(X)) = fs = (3. y)

var(y)
— 8 =Y. 1%, when {X'}; are mutually uncorrelated

from the row’s side
e (IR?, M) the Euclidian space for rows
e M. p X p, symmetric positive definite matrix

Because variables are centered, the mean point of the cloud of the
weighted rows, N = {(Xj, p;) }i—1., Is at the origin of coordinates

1

I'DX =[X,., X ]=0p.

Denote '
W=XMX" = [sz = XZ-MX]-’]

the n x n matrix of the M-scalar products between rows.

o /
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The inertia of N/ with respect to the mean point is

m
I = ZpZHXZH?W = trace(WD) = trace(VM).
i—1
Using the vec operator that transforms a matrix into a vector by
stacking the columns one underneath the other, it can be shown,

, that
trace(XMX'D) = ved (X')(D @ M)vec(X') = |lvec( X ) [hou
where D® M is the kronecker product (see )

of the two metrics which is also a metric on IR™.
Identifying (IR"*?, M, D) and (IR"™, D ® M),

a data set to be analyzed through a method that needs adapted
metrics, is defined by the triple

(X, M, D)

and the associated squared Hilbert-Schmidt norm
| X |46 = trace(X M X'D)

can be interpreted as the inertia of the row-points with respect
to their centroid.

o /
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2. PCA and SVD of (X;,xp, Mpxp, Dpxn)

e p x p Operator for columns : VM = X'DXM
e n X n Operator for rows : WD = XM X'D
e Inertia : || X||%¢ = trace(XMX'D) = trace(X'DX M)

Theorem 1: The SVD of (X, M, D)

Let r = rank(X), there exists

e Uy, xy, D-orthonormal (U'DU = I,) whose column U is the
eigenvector associated to the (positive) eigenvalue A; of WD,

® V),x,, M-orthonormal (V'MV = I,) whose columns V* is the
eigenvector associated to the same eigenvalue \; of VM,

o A2 = dz'ag()\}/ 2N ?) diagonal matrix of the singular
values of (X, M, D),

such that
X =UANV =30 NUV.

/
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I =X = trace(A,) =320 4 A
Note the ordering (the reason is explained below)
A1 >N >0

that induces an order for the columns of U and V.

Transition Formulae and Row-Column Duality
U=XMVA?
V = X'DUA;'?

Duality Columns — Rows

Linear Space | span(X) C IR" «— span(X') C IRP
Metric D — M
Matrix X — X'

L factorial axes | U = [UL...U"] +— V =[VL.V"]

The Singular Value Decomposition of (X, M, D) provides two aux-
iliary decompositions

V=VAV' =Y VTV and W=UANU =3, \UU.

o
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Theorem 2: Eckart-Young approximation

Let k an integer value such that 1 < k& < r = rank(X), and
={Z € R"?|rank(Z) = k}.

Denote

Uy = [UL.UY, Vi = [U.. V], AY? = diag(A?, .., \),

then,

-
in 1X = Z|5s = 11X = XillTs = > A
i=k+1

the optimum being reached by the incomplete SVD of rank &,
X = UV

The eigenvalues are decreasingly ordered = the error is minimum.
X = HD X and X/ = HMX’

PCA of order k of (X, M, P)

The PCA of order k, k < r, is the incomplete SVD of rank &
Xy = U2V
as defined in the Eckart-Young theorem.

o /
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Theorem 3: PCA and the Inertia Principle
(row point of view)

To look at row-points, the {V*} family provides optimal successive
orthogonal projections,

MMX' = VIVIMX!, for i =1,..., k,

according to the Inertia Principle.

If one accepts as a principle, that the best one dimensional or-
thogonal projection of row-points is that of maximal inertia, then
V'1is the best axis; V2 is the best second, orthogonal to the first...

Notice that the inertia of the projected row-points whose coordi-
nates on V* are given by C* = XMV, is expressed as

VYMVMV' = C"DC" = var(C").

This expression may be also considered as the variance of a Latent
Variable called the Principal Component

C'= XMV'=\/NU",

which is a linear compromise of the column-variables.

~
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PCA = Partial Regressions on components.
(column dual version of Theorem 3)

deflated X = residuals of partial regressions
Denote X(g) = X, the deflated X matrix at step j € {1,..,k} is

Xy = Xy — 0y X5

associated to the Partial Least-Square Regression

X =NP Xy =T, X = \/NUIVI' = CiVi

X =30 Xy + Xy = U)W + X
The deflated covariance matrix is

Vi) = X, DXy =V =2 AV

PCA X = X
for V/=arg max wvar(C)
| VIMV=1 |
Step j fixed X(]—l) OV = X(]_l)MV] = XMV/J

2) Deflation X(j) = X(j—l) — ngX(j—l)

o

~
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Alternating Least-Squares algorithm
Optimization problem 1) is solved by the largest eigenvector
X(j_l)/DX( )MV] )\V]

that suggested to an adaptation of the "powered it-
erative” method through the transition formulae:

Xy =X
for g =1,....k
I — 1,

repeat until convergence of V7
VI — X;_1y/DC? /(CY"DCY)  * regression of X(; 1) on CV
VI — VIi/NVIIMVi making the norm equal to 1
CY — X(;_yMV7?/(VI'MV7) * regression of X(; 1)/ on V7

end repeat

X(j) — X1 — OV deflation of X(;_

Notice that this algorithm is used in presence of missing data.
The rule is:

Compute the regression coefficients in * on the remaining data.

/
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Methods derived from adapted metrics

Method X M D
usual PCA p continuous I, n'I,
variables
Correspondence

Analysis of D'PD' | D, = diag(P'1) | D, = diag(P1)
P (frequencies)

Discriminant Gxp Sroup A\ diag(pi, -, Pn)
Analysis of n centroids Mahalanobis | group weights
groups on 1y, computed on 1T°
PCA of (Y, M, D)
on Instrumental | YV = HIT) Y M D

Variables T’

and others that derive from these ones...

Principal Component Regression (PCR), Multiple Correspondence
Analysis (MCA), Canonical Correlation Analysis (CCA), Redun-
dancy Analysis, Non Symmetrical Correspondence Analysis,...

o
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3. Linear PLS regression

The context, in the usual way of presenting PLS(X,Y), see
o (Xyxp, Iy, D) for predictors
o (Y, Iy, D) for responses.

Algorithm and Model

.....

car compromises of X, on which Y Partial Regressions are succes-
sively processed.

PLS X=X, Yo=Y

]_) BUIIdlng t] t = X(j_l)w, U = Y(j_l)’U

for fixed (w’,v’) = arg max cov(t,u)
w'w=1=v"v

Step j | (X1, Y1) | ¢ = Xgyw!, o =Y 0!

2) Deflations X(]) = X(j—l) — Hg X(j—l)
Y = Yo = 15 Y

PLS(X,Y = X) = PCA(X) (usual).
Alternating Least-Squares algorithm (NIPALS), for missing data.

o /

Nonlinear D. A. through PLS and Splines : ECAS2003-18



o

Components {t'}
e belong to span(X), that is
th = Xw'

e are mutually D-orthogonal
VDt =0, i#7j.

Xy = TP Xy = TZX = #'p"
Yiy = MYy = 7Y = t'c”

Projection of column-predictors, Regression line
. . . £l i
updated Xl(i_l) and or1g1nal)a . . , ~ Ofslope P
| (i) X X, X
on the component t' \ . ]

a
v

i

l4 |
hd ean Row point

Partial Regressions of updated variables give the same results as
regressions of the original variables on the components.

0
(R,D)

/
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Denoting
T(k) = [th..tF], W(k) = [w'...w"],
P(k) = [p..p"], C(k)=[c'...c"],
then, W(k)W(k)=1, and span(W(k)) C span(X’).
There exists a relationship between the families {w*'} and {w'}
WH(k) = [w*' ..ws?] = W (k) (P(k)W (k)" .
The PLS fit from both X and Y sides, is

X(k) =37 Xy =12 X =tlpV+ ... +t*p* = T(k)P(k)',

()

Y(k) =8 Vi =TR, Y =tlc +... + th¥ = T(k)C(k),

T(k)

so that, the models are given by

X = X(b)+Xpy, Y =V(k)+ Y.

If k = rank(X), then span(T(k)) = span(X), and
PLS(X,Y)=0LS(X,Y),
thus providing an upper bound for the number of components

1 <k<rank(X)=r.

o /
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Projection based representations, the gap from

duality

We aim at finding maps for column and row points that are based

on orthogonal projections, [3, Durand].

Predictors

Columns

Rows

Linear Spaces

span(X) C IR"

span(X') C IRP

Metrics D I
1 families | {¢' = X;_pw'} {w'}
Metrics D V=X'DX
| families {1 = Xwx'} {w='}

From the variable’s side

Predictor X/

Response Y/

Coordinate on ' = t'/||t'||p

Measure of quality

r(t, X7)o(X)

ri(t', X7)

r(t, Y7o (Y9)

ri(t", YY)

o

/
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From the row’s side
The only way of representing X-row points is to use the V-orthogonal
{wx*'} family
w ! Vs =t'Dt' =0, 7]
Denote
wx' =w ' [||w " ||y =w =" /||t p.

Theorem 4 : Coordinates of projected row-points

The coordinates of the X-row points projected on the axis W+’
are given by the vector t* defined by

t = WDt = WDt /||| p.

Proof:
HX*’LX/ — ’UNJ*Z’UN)*Z/VX/ — w*z (XX/DX'UN]*Z>/ O
The gap from duality

Alas! In contrast to the perfect dual case, the vector of coordinates
of projected row-points, t*, and the axis on which the variables are
projected, the component #, are not collinear (except in two cases).

o /
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For the component ¢, the gap from duality is measured by
GFD; =1 —r(t't*)
that lies within [0, 1].

Two extreme cases of perfect duality

Case GFD; =0 : Ja > 0 such that X X' Dt* = ot

Y = X | PLS(X,Y) = PCA(X), then a = \;

\Y%

I, | non correlation, then av =1

The closer to 0 is GF'D;, the easier is the interpretation of the
X row-points, located at t*, by the predictors and responses pro-
jected on t'.

Measure of quality for the representation of the row-point [ on the
axis wx" |
(1)

ST

cos® 0! =

o /
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The building-model stage: choosing the di-
mension k, 1 <k <r

e Based on fit criteria: (X,Y) adjusted by (X (k), Y (k))

— From the X side:
x Proportion of the reconstructed variance

Zvar XHYRA(X', ImT(k))/trace(X'DX)

T(r) =

x Proportion of the reconstructed V-inertia of X-row points

k
T (k) = Z var(t™) /trace(V?)
i—1
M) =1
— From the Y side: Proportion of the reconstructed variance
q
TY(k) =Y var(Y"R*(Y" ImT(k))/trace(Y'DY)

h—1
IY(r) < 1.

e Based on internal prediction criterion: (leave-one-out) C.V.

q 1" , X '
PRESS(k) =} —» (Y] = Xify")".
j=1 i=1

~

/
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PLS as a unifying framework for D. A.

The context, in the general way of presenting PLS(X, M,; Y, M,),
o (X, xp, My, D) for predictors

o (Y, g, M,, D) for responses.
PLS(X,M,:Y = X, M, = M,) = PCA(X, M,, D),

= perspectives to non symmetrical multivariate methods.

Linear compromises in the PLS algorithm are now

th = X(i_l)Mwwi and u' = Y(Z-_l)Myvi

Predictors Columns Rows
Linear Spaces | span(X) C IR" span(X') C IRP
Metrics D M,
1 families | {t' = X;_1)Myw'} {w'}
Metrics D MM, =M, X'DXM,
1 families {t' = X M,w+"} {wx'}

The M,V M,-inertia of row-points becomes 1" = trace((VM,)?).
The coordinates of projected row-points on w#* are now
tx' = XM, X'Dt'/||t"||p .

o /

Nonlinear D. A. through PLS and Splines : ECAS2003-25



-

o

4. Splus examples

First example: the Cornell data

The response y is the octane rating of 12 different mixtures to

determine the influence of 7 constituents, see . The
7 predictors represent proportions and sum to 1.
nO x1 x2 x3 x4 xb x6 X7 y
11000 023 000 000 000 074 0.03 98.7
21000 010 000 0.00 012 074 0.04 97.8
31000 000 000 010 012 074 0.04 96.6
41000 049 000 0.00 012 037 0.02 92.0
51000 000 000 062 012 0.18 0.08 86.6
6| 000 062 000 0.0 000 037 0.01 91.2
71017 027 010 0.38 0.00 0.00 0.08 81.9
81017 019 010 0.38 0.02 0.06 0.08 83.1
91017 021 010 0.38 0.00 0.06 0.08 82.4
10 | 0.17 0.15 0.10 0.38 0.02 0.10 0.08 83.2
11 1021 036 012 025 000 0.00 0.06 81.4
12 | 0.00 0.00 0.00 055 000 037 0.08 88.1
moy. | 0.07 022 004 025 004 031 0.06 &858
stdev | 0.09 019 005 022 005 028 0.03 6.24

The matrix of correlations shows that the predictors x; and x3 are

strongly correlated as well as x4 and x7. The response y presents a

strong correlation with zg and at a lesser degree with x1 and x3.

/
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The predictor

x5 is poorly correlated with the

other variables.

x2 x3 x4 xb x6 X7 y
x1 | 010 0.999 037 -055 -0.80 060 -084
x2 0.10 -054 -029 -0.19 -059 -0.07
x3 037 -0.55 -081 061 -0.84
x4 021 -065 092 -071
x5 046 -0.27 049
x6 -0.66 0.99
x7 -0.74
Based on Fit Criteria opt. Dim. 3 , y PRESS =0.03 (1 out)
K v o
1 7/ /
, %
’ // ~
/ 3
/
/ [0)
/ @ S -
/ r ©
/ % varY o
/ ——- %varX 0
L % Inertia o ]
/ [e)
/
//
/ 3
/ o
/
/
/
2/ 8
1 1 1 1 1 1 O ‘ ‘ ‘
1 2 3 4 5 6 1 2 3 4
Model Dim.

The building-model stage: k = 3.
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The evolution of the coefficients of the standardized variables in
models with successive dimensions, presents an another informa-
tion to choose the best dimension.

04
\
\
\
~

0.2

-0.4 -0.2

-0.6

-0.8

MODEL DIM.

Evolution of coefficients B(/{) along with the dimension k.

Finally, the retained dimension is £ = 3 and the coordinate func-
tion plots, ordered from left to right and top to bottom in de-
creasing order of the coefficients, show the additive influence of the
observations on the fit §(3).
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Predictors’ influence on y (dim 3)

0.456 x6 -0.293 x4 -0.209 x2 -0.143 x7

[

05 0.0
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/
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Observations and coordinate functions (x', 3;(3)at).

o

/

Nonlinear D. A. through PLS and Splines : ECAS2003-29



-

o

Projection based representations

Are indicated:

e for the observations, the percentage of the contribution of the

axis to the inertia

e for the variables, the percentage of the contribution of the axis

to the variance.

ol
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N Z o
= 2 2 ©
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S 6 x4
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9 $ s X3
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S 0
o v 1 o
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5 o
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4 2 0 2 4 10

™1

(79.13%) (r1=0.999)

t1

-0.

T
5 0.0

0.5 1.0

(57.36 %VX) (92.36 %VY)

(1,2) scatter plots for observations and variables, the gaps
from duality are very small, they correspond to r1 = 0.999 et

To = 0.831.
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0.001 0.169 0.112 0.008 0.651 0.016
0.999 0.831 0.888 0.992 0.349 0.984
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Comparison between pseudo-factorial (¢, %) and factorial

(tx!, tx*) plots of observations.
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COST COS3 OS5 COS] COSE COSE

—

0.8951 0.0004 0.0837 0.0207 0.0001 0
0.9601 0.0123 0.0094 0.0182 0.0001
0.8868 0.0511 0.0453 0.0165 0.0002
0.8211 0.1511 0.0200 0.0078 0.0000
0.0007 0.1768 0.8224 0.0001 0.0000
0.4946 0.2524 0.2250 0.0279 0.0001
0.9893 0.0017 0.0089 0.0000 0.0000
0.9937 0.0031 0.0001 0.0032 0.0000
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-2 -1 0 1 2 1.0 -0.5 0.0 05 10
12 (8.09%) (r2=0.831) t2 (1525 %IX) (1.42 %lY)

Factorial (2,3) scatter plots that allow to “see” 5 and 12.
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Second example: calibration of moisture of
cheeses through near infrared spectroscopy

We aim at predict the moisture content of 56 cheeses by their
absorbance measured at 150 successive wavelengths of near infrared
spectra, see |9, Mazerolles et al.|.

1100

wavelengths
900 950 1000 1050
| | | |

850
|

800
|

T T T T T T
0 10 20 30 40 50

samples

Image of the X matriz: 56 samples X 150 wavelengths.

Moreover, we dispose of a test sample of measures on 35 different
cheeses.

- /

Nonlinear D. A. through PLS and Splines : ECAS2003-33



o

predict. MOISTURE

C.V., Dim=5, std. error =0.1768 Test Sample, Dim =5, std. error = 0.483

15

30 | 76

1.0

0.5

8%3
85

est. MOISTURE
0.0

-0.5

-1.0

-1.5 -1.0 -05 0.0 05 1.0 1.5 -1.0 -0.5 0.0 05 1.0 1.5

obs. MOISTURE obs. MOISTURE

Observed MOISTU RE wversus predicted MOISTURE by

Cross-Validation, left-side, and on the test sample, right-side.

The retained dimension is 5. Notice that the sample 52, badly
predicted by the cross-validation, has its spectrum situated above
the others.

The aim of PLS calibration is also to detect influential

predictors (wavelengths).

One has to look at the 3 (5) values associated to the wavelengths.
The next figure shows that the regions near 925, 970 and 1020 are
used by the model to predict MOISTURE.

~

/

Nonlinear D. A. through PLS and Splines : ECAS2003-34



05

00

05

1.0

N S
N4

[\

T T
800 850 o 950 1000 1050 1100
wavelengths

Evolution of the 3(5) 's along with the wavelengths.

The sign of the coefficients: the characteristic region of water, pos-

itive near 970, cannot be dissociated from that of dry mater, neg-
ative near 925 for the fat and near 1020 for the protein.
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(1,2) scatter plots for observations and variables.
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Section 111.

A Nonlinear Fuzzy Coding

Approach
through Regression Splines

o /
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1. What are regression splines?

To transform a continuous variable x whose values range within
la, b], a spline function s is made of adjacent polynomials of degree
d that join end to end at points called "the knots”,

The linear space S(m, {Tmi1,-- - Tmik }, |, b]) of dimension m +
K, of spline functions is characterized by three tuning parameters

- the degree d or the order m = d + 1 of the polynomials,
- the number K and

- the location of knots {7y, 11, - -, T Kk}
TNT=...=Tpn=0< Tyl <... §Tm+K<b:7—m+K+1:---:7_2m+K-
A spline s € S(m, {Tmi1,-- -, Tm ik}, @, b]) can be written
m-+K

s(z) = > BBl

where {B/"(.) }i—1...m+x is a basis of spline functions.
The vector 5 of the coordinate values is to be estimated by a
regression method.

Notice that, when K = 0, S(m, 0, [a, b]) is the set polynomials of
order m on [a, b).

Nonlinear D. A. through PLS and Splines : ECAS2003-37



Two sets of basis functions

e The truncated power functions
The function,
r— (z—1)%
defined by (z—7)%if 2 > 7, 0 otherwise, is called the truncated
power of degree d.

When knots are distinct, a basis of S(m, {711, - - Tmi i} (@, ])
is given by
lx,..., 2% (x— Tm+1>i, coy (= Tm+K>i

e The B-splines
B-splines of degree d (order m =d+1): for j=1,...,m+ K,

d
BiMz) = (=1)"(Tjtm — )75, - s Tirml (@ — 7)§
where [, ..., 7jm](z — 7)¢ is the divided difference of order m
computed at 7j, ..., Tjm, for the function 7 — (z — T)i.

This basis is the most popular partly due to the next property that
allows to compute recursively the values of B-splines,

B]l(a:) =1if 7; <z <7541, 0otherwise,
For k=2,...,m,

k . ZB—T]’ Tj+k—aﬁ
Bj(37>—

k—1
B (x) +

k—1
. . ~———— B ().
Titk—1 — Tj Titk — Tj+1

7+1

o /
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The attractive B-splines family for coding

e Local support:
B*(z) =0, Yz &7, Tiim]

O — One observation x;, has a local influence on s(z;) that
depends only on the m basis functions whose supports encom-
pass this data.

& — The counterpart is that s(x) = 0 outside [a, b].

e Fuzzy coding functions:
m+K

0 < B™(z )<1(1)andZBm ) =1 (2).

O — B!"(x) measures the degree of membershlp of  to [, Ty ym)-
The set {[7, i 1m) [i = 1, ..., m+ K} is a fuzzy partition of [a, b].

e The multiplicity of knots controls the smoothness:
The multiplicity of a knot is the number of knots that merge
at the same point. The multiplicity may vary from 1, a simple
knot, to m, a multiple knot of order m.

Let m; be the multiplicity of 7;, 0 < m; < m,

then the first m — 1 — m; right and left derivatives are equal,

s(_j)(

T;) = s(ﬁ)(n), j<m-—1-—m,.

m; =m = discontinuity at 7;
m; =1 = locally C™ % at 7.

/
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S(1,{1,2,4},[0,5]) (¢).

(2) (b)
< | ]
B1 B2 B1 B3
@ | @ |
o o
«© | «© |
~ | < |
o o
N N
o o
<] < |
o . o T
1 2 3 4 5 0 1 2 3 4 5
B1 ©) B2
g 1 2 3 4 5 g (o] 1 2 3 4 5
B3 B4
g 1 2 3 4 5 g (o] 1 2 3 4 5
B-splines for S(2,0,[0,5]) (a), S(3,0,[0,5]) (b) and

/
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B4 BS5 B6

00 02 04 06 08 10
00 02 04 08 08 10

o

1 2 3 4 5 o] 1 2 3 4 5 o] 1 2 3 4

5

B-splines for S(2,{1,2,4},[0,5]) and S(3,{1,2,4},1[0,5]).

/
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e Coding a variable x through B-splines

Due to (2), two B-splines bases are generally used:

{B7(z)|7=1,...,m+ K} usual basis

{1, B"(z)]j=2,...,m+ K} , modified basis.
Let X = (z1,...,x,)" be a n-sample of the variable x, denote

B=[BYX)...B™""(X)] or B=[B*X)...B™"(X)]

the complete n x (m + K), or incomplete n x (d + K), coding matrix

of the sample.
Notice that d = 0 provides a binary coding matrix B.
D-centering the coding matrix

When the columns of B are centered, then,

rank(B) < min(n — 1,d + K).

o /
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Bivariate regression splines for (z, 2)
{1,Bl(z)|j € I} and {1, B}(2)|j € I,} univariate bases

s(x, z) € span[{1, Bl(2)|j € 1L} {1, B(2)[j € I2}]

s(x,2z) =01 + Z ﬂ}B{(az) + Z ﬂ?B] + Z Z ﬂl 2B (z)B](2)

jen j€l €l jelr

is a bivariate regression spline split into the ANOVA decomposition

main effects s and s in z and z

s'(@) =) _ B}Bl(x) s(z) =) B;Bj(2)

Jeh JEl>

interaction part s'?

DRI CLTE

el jely

B = [B,|Bs| B 2] column centered coding matrix from X and Z.

o /
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The Least-Squares Splines (LSS)

Denote X, n x p, and Y, n X g, the standardized sample matrices
for the p predictors and the ¢ responses.

The centered coding matrix of X, B = [By|...|B,], leads to ¢
separate additive spline models, 7 =1,...,q,

y = st zl) + ...+ sPP(aP)
through

LSS(X,Y)= OLS(B,Y) < Y =118Y = B3 =Y, B;3,
where BZ is the row-block associated to the coding matrix B;.

Tuning parameters: The spline spaces used for the predictors

LSS drawbacks: numerical instability of (B’DB)~! if it exists !
#® needs a large ratio observations/(column dimension of B)

& * needs locating knots in non empty regions

& perturbing concurvity effects due to correlated predictors
&* 1no interaction terms involved

o MARS proposes to remedy #*: automatic 7\,
procedure to select knots and high order interactions through lin-
ear truncated power functions.

o EBOK . K fixed, optimal location of knots.
o others....

o /
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2. PLS through Splines (PLSS): ex-
ploring and modelling data nonlinearly

Multi-collinearity, nonlinearity and outliers:
the orange juice data

- (x',...,2P), ppredictors, X =[X!'...|[X] mnxp
- (y',...,y9), qresponses, Y =[Y!...][YY] nxgq

Both sample matrices are standardized

n = 24 orange juices: A, B, C, ..., X
p=10,¢=1,

PREDICTORS sensorial RESPONSE

COND (Conductivity) Heavy
Si02
Na
K
Ca
Mg
Cl
HCO3
SO4

Sum

collinearity : SUM = 5102+ ... + SO4

/
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biplots between Heavy and the predictors with lowess'
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Linear PLS on the orange juice data
opt. Dim. 2 , Heavy PRESS =0.32 ( 2 out)

1.0

0.8

PRESS

0.6

0.4

2 4 6 8
Model Dim.

R*(1)=0.754  PRESS(1) = 0.32

Retained dimension : k=1

o /
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Predictors’ influence on Heavy (dim

)

0.182 COND 0.181 Mg 0.172 Ca

0 1 2 | 0123 | 0123
016504  0063HCO3  -0.047 02
c— < :
012 3 101234 101234
0.004Na  -0.003C
01234 | 10 1 2

0.167 SUM

-0.2 0.2 0.6

0123
-0.007 K

-0.2 0.2 0.6

01234
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The main effects additive PLSS model
The centered coding matrix of X being B = [By]|...|B)]

PLS through Splines (PLSS) is defined as
PLSS(X,Y) = PLS(B,Y)

- Tuning parameters: the spline spaces for each predictor

the model dimension k — crossvalidation

- The PLSS additive model: 5 =1,...,q,
7= sy (@) + ...+ )7 (2P)
The method inherits the advantages of PLS and B-splines:

Cif k = rank(B) then PLSS(X,Y) = LSS(X,Y) if it exists

O PLSS(X,Y = B) = PLS(B, B) = NL-PCA(X),

QO efficient with low ratio observations/(column dimension of B)
O efficient in the multi-collinear context for predictors (concurvity)
@ accept null columns of B (knots in empty regions)

QO robust against extreme values of predictors (local polynomials)
& 1no automatic procedure for choosing spline parameters

# 10 interaction terms involved

o /
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Choosing the tuning parameters

Recall the tuning parameters:

1. The spline space for each predictor:
degree, number and location of knots

2. the number of PLS components
1. Two strategies for choosing the spline spaces
e The ascending strategy
— First, take d = 1 with no knots (K = 0) — linear model.

— Increase the degree d, keeping K = 0, — polynomial model.

— for fixed d, add knots, — local polynomial model
"adding a knot increases the local flexibility of the spline
and then, the freedom of fitting the data in this area.”

e The descending strategy
— First, take a high degree, d = 3, and more knots than nec-
essary.
— Remove superfluous knots and decrease the degree as much

as possible

2. To stop a strategy : find a balance between
thriftiness (k and the total spline dimension) and

goodness-of fit, R*(k), and prediction, PRESS(k).

/
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PLSS on the orange juice data
The selected knots for the predictors
COND | Si05 |Na |K [Ca |Mg |Cl | SO4 | HCO;3 | Sum
400 10 10 25] 160 | 40 | 4 | 400 | 100 600
1600 | 20 401 5 | 400| 110| 11| 1700 | 300 2600
40 30 500
opt. Dim. 2 , Heavy PRESS =0.154 ( 2 out)
: ‘ 6 s 10
Model Dim.
R*2)=10.917 PRESS(2) =0.154
e /
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Predictors’ influence on Heavy (2 dim.)
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A nonlinear look at data

On can use (£',t/) and/or (£, ¢*) scatter plots to look at data.

15

™ o
o | K
- * M 0
o
o | D eayy
o Q
y N © y 3
S
o o
o r
n
c S
0 L -1
Q] Joo E
U
RG hA S
1
1 0 1 2 1.0 05 0.0 05 1.0

A latent variable is an additive spline function of the predictors:

D
t' = Bw™" = E B]wj
J=1

where w;” is the sub-vector of w** associated to the block B;.

Notice that (£**,#*/) is the representation based on projections.

/
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Predictors’ influence on t1
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PLSS with bivariate interactions

The centered main effects + interactions coding matrix:

B=[BY...|B?|...|B¥|..]

where (7,4") belong to the set Z of accepted couples of interactions

PLSS(X,Y) = PLS(B.Y)

g simultanecous PLSS models casted in the ANOVA decomposition

p
j=1,...,q, Ul = Z s7' (") + Z s (', 2")
i—1

(i,i')eT

PLSS with interactions shares the preceding & properties

& 10 automatic procedure for choosing spline parameters

o /
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Selection of bivariate interactions

0 Preliminary phase: the main effects model.

Decide on the spline parameters as well as on k£ for the main
effects model (m): denote PRESS,,(k) and R (k).

1 Individual evaluation of interaction terms.

Each interaction 7 is separately added to the main effects.

R, (k) = RA(k)  PRESS,(k) — PRESS,, (k)
CRIT() = =gy PRESS,(k)

Eliminate interactions such that CRIT (k) < 0
Order decreasingly the accepted candidate interactions.

2 Stepwise building-model stage.
Set PRESSy = PRESS,,(k) and i = 0.
REPEAT
O7«—2+4+1
O add interaction i and index the new model with 7
O PRESS,; < optimal PRESS among all dimensions
UNTIL (PRESSZ > PRESSZ_1>

o /
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PLSS with interactions on the orange juice
data

Phase 1: Evaluation of separate interactions (45 possible)

g — -
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m \
? ||| ‘ . REFUSED
7 ]
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~
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Phase 2: Stepwise model-building stage

0.555

KeAN-EEEECTS

0.150

Ca*$04

0.145

KHROS REFUSED

PRESS
0.140

0.135

0.130

0.125

interaction number

From linear PLS to PLSS with bivariate interactions:

Goodness of fit and Prediction:

PLS PLSS,, PLSS,
Dim. 1 2 2
R? 0.754  0.917  0.930

PRESS| 032 0.154  0.127
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Ordering and Selecting the ANOVA functions

ANOVA functions’ Influence on Heavy , 2 Dim.

Na
Si02*Cl
CI*HCO3
Si02
Ca*HCO3
K*HCO3
Na*Ca
COND*Ca
Ca*SUM
Na* 804 (LD
COND*SO4
Cl

K

HCO3
COND
SUM
Ca*S0O4
Mg

Ca

SO4

T

| | | |
0.0 0.1 0.2 0.3

range of the ANOVA functions
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ANOVA functions for Heavy (2 Dim.)
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Section V.

Open problems with PLS and Splines

o /
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e Revisiting D. A. methods through PLS and splines

e Using splines in the calibration problem

e Optimal knots, number and location, in the multi-
variate context

® Selection of deeper interaction levels

e Nonlinear multi-blocks approach for exploration and
prediction

e Neural networks approach through splines and PLS

o

J
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